We establish a Penrose-Like Inequality for general (not necessarily time symmetric) initial data sets of the Einstein equations which satisfy the dominant energy condition. More precisely, it is shown that the ADM energy is bounded below by an expression which is proportional to the square root of the area of the outermost future (or past) apparent horizon.
Introduction
In an attempt to find a counterexample for his Cosmic Censorship Conjecture, R. Penrose [12] proposed a necessary condition for its validity, in the form of an inequality relating the ADM mass and area of any event horizon in an asymptotically flat spacetime:
Mass ≥ Area 16π .
(1.1)
Unfortunately this Penrose Inequality can only be proven with knowledge of the full spacetime development, as otherwise it would not be possible to locate the event horizon in a given spacelike slice. Thus it is customary to reformulate (1.1) so that the quantities involved may be calculated solely from local information, namely initial data sets for the Einstein equations. By an initial data set we are referring to a triple (M, g, k) , consisting of a Riemannian 3-manifold M with metric g and a symmetric 2-tensor k representing the extrinsic curvature of a spacelike slice. These data are required to satisfy the constraint equations
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where R is scalar curvature and µ, J are respectively the energy and momentum densities for the matter fields. If all measured energy densities are nonnegative then µ ≥ |J |, which will be referred to as the dominant energy condition. Moreover the initial data set will be taken to be asymptotically flat (with one end), so that at spatial infinity the metric and extrinsic curvature satisfy the following fall-off conditions:
The ADM energy and momentum are then well defined by
where S r are coordinate spheres in the asymptotic end with unit outward normal ν.
The strength of the gravitational field in the vicinity of a 2-surface ⊂ M may be measured by the null expansions
where H is the mean curvature with respect to the unit outward normal (pointing towards spatial infinity). The null expansions measure the rate of change of area for a shell of light emitted by the surface in the outward future direction (θ + ), and outward past direction (θ − ). Thus the gravitational field is interpreted as being strong near if θ + < 0 or θ − < 0, in which case is referred to as a future (past) trapped surface. Future (past) apparent horizons arise as boundaries of future (past) trapped regions and satisfy the equation θ + = 0 (θ − = 0). In the setting of the initial data set formulation of the Penrose Inequality, apparent horizons take the place of event horizons, in that the area of the event horizon is replaced by the area of the outermost apparent horizon (or in some formulations by the least area required to enclose an apparent horizon).
The Penrose Inequality has been established by Huisken & Ilmanen 
